UNDER PEER REVI EW

On Some Properties of Class Q*operators

Abstract

The study of operators in Hilbert spaces holds significant importance, finding broad ap-
plications in diverse fields such as computer programming, financial mathematics and
quantum physics. Many authors have extended the concept of normal operators in an
attempt to provide practical solutions to complex problems in diverse fields. This paper
focuses on a class Q* operators in a Hilbert space H. An operator T' € B(H) (where B(H)
represents bounded linear operators acting on H) is said to be class Q* if T*2T2 = (T'T*)2.
The study investigates the commutation relations and properties unique to this class of
operators. The study shows that if two operators T, S € Q* are such that the sum (74 5)
commutes with (74 S)*, then (T'+ S) € Q* and the product T'S € Q* if T' and S com-
mute with their adjoint. Through this paper, we aim to produce a valuable resource for
mathematicians and physicists interested in the properties and applications of class Q*
operators fueling further innovations in functional analysis. To achieve this, we extend
the properties of normal operators and other operators related to normal to class Q*
operators.

Keywords: Hilbert spaces, Normal operators, n-normal operators, adjoint, class Q* oper-
ators, Commutation relations.

1 Introduction

Throughout this paper B(H) denotes the algebra of all bounded linear operators on Hilbert
space H. A linear operator 7" on a Hilbert space H is said to be bounded if there exist a
constant ¢ > 0 such that ||Tz| < c||z||Vx € H. T is called self-adjoint if 7' = T, invertible
with inverse S if there exists S € B(H) such that ST = I = T'S where I € B(H) is the identity
operator. An operator T' € B(H) is said to be normal if it commutes with its adjoint

ie (T*T = TT*), equivalently 7T — TT* = 0. An operator T" € B(H) is said to be positive
if 7" =T and (T'x,z) > 0 Vo € H . An operator 7" € B(H) is said to be n-power normal
it T"T* = T*T™ for n € N |, class Q operator if for any T € Q, T**T* = (T*T)?. T € B(H)
is called a class Q* if T**T? = (T'T*)? and Quasi-class Q if T*3T3 — 2T**T? + T*T > 0 . An
operator T' € B(H) is in class p if T?> =—T*? An operator T € B(H) is called an n-power-
hyponormal operator if T"T* < T*T™. This class includes all normal, all n-normal and all
hyponormal operators. An operator 7' € B(H) is Binormal if 7*T commutes with T7*, That
is (T*TY(TT*) = (TT*)(T*T).
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2 Methodology

[5] introduced class () operators on a Hilbert space where an operator T' € B(H) is in class @
if T**T?% = (T*T)?. Class @ operators were enlarged to n power class @) operators by [10]. [12]
studied class @Q* operators, showed that class Q* operators differ from class ) operators, and
stated some of the properties as seen in Proposition 2.1.

Proposition 2.1: Wanjala and Nyongesa, (2021)
Let T € B(H), if T € Q*, then the following hold:

(i) T** is in Q*
(ii) 77! € Q* provided it exists.
(iii) Any operator S € B(H) that is unitarily equivalent to 7" is also in Q*.

Many authors have also investigated other properties such as Cartesian decomposition on differ-
ent operators in Hilbert spaces. For instance, [1] studied Cartesian decomposition on n-normal
operators and the results are stated in Proposition 2.2.

Proposition 2.2: Alzuraiqi and Patel, (2010)

Let T' € B(H) with the Cartesian decomposition 7' = A + iB where A and B are self-adjoint
operators. Then T is a 2-normal operator if and only if B? commutes with A and A? commutes
with B.

[10] proved that if 7" € B(H) with the Cartesian decomposition ' = A + iB where A and B
are self adjoint operators, then 7' is binormal if and only if

(i) AB®>+ B3A= A*B + BA3
(i) A2BA+ ABA* = B’AB + BAB?

In [7], the author showed that if 7" € B(H) with the Cartesian decomposition 7' = A + iB,
then T € p if and only if A? = B2,

This paper will focus on various properties of class Q* operators that have not yet been studied.
These properties include convexity, Cartesian decomposition, sum and product, direct sum and
the tensor product of class Q* operators.

3 Results and discussions

Example 3.1 illustrates that class Q* operators are not convex.

Example 3.1

Consider two operators T, S € Q* such that T = { _11 8] and S = [ (2) (1)]

Let M = 1T+ 15
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Now M*2M? # (MM*)* | M ¢ Q* and therefore Q* is not convex.

Theorem 3.2 gives the results for the Cartesian decomposition on class Q* operators on a Hilbert
space.

Theorem 3.2

Let T' € B(H) with the Cartesian decomposition 7' = A + iB where A and B are self-adjoint
operators. Then T € Q* if
(i) ABAB+ BABA = A?B? + B%A?
(i) A3B2B3A2BA3ABA? =0
Proof
Since T' € Q*, then T**T? = (TT*)?
Now T = A+iB,T* = A—iB
TT* = (A+iB)(A—iB) = A> —iAB +iBA + B*
T** = (A—iB)(A—iB) = A> —iAB — iBA — B*
T? = (A+iB)(A+iB) = A* + iAB +iBA — B*

T*°T? = (A’ —iAB — iBA — B?)(A* +iAB + iBA — B?)
= A*+iAB +iA’BA — A’B?> — {ABA? + ABAB )
+ AB?A —iAB3 —iBA3 + BA’B + BABA
+iBAB? — B®A%> — iB?AB —iB*A + B*

3
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(TT*)*> = (A* —iAB +iBA + B*)(A®> —iAB + iBA + B?)
= A" —iA’B +iA’BA + A’B?* —iA’B — ABAB
+ AB?*A —iAB? +iBA3+ BA*B — BABA
+iBAB?+ B*A%> —iB*AB +iB3*A + B*
Since T' € Q*, then equation (1) must equate to equation (2).
On further simplification,
T*2T2 — (TT*)2
= iA°B — A’B?> — iABA?> + ABAB — iAB® + BA’B + BABA — B2A? —iB%A
= —iA’B+ A?’B* —iA’B — ABAB +iBA> — BABA + B*A*> +iB*A

Equating the real part, we have
ABAB + BABA — A’B? = A’B? + B?A?> — ABAB — BABA

— ABAB + BABA = A’B? + B?A?
— AB=BA
Thus A commutes with B

Equating the imaginary part, we have

iA’B —iABA? —iBA? —iB3A = —iA’B —iA°B +iBA® +iB3A
A’B — ABA?> — BA® — B*A=—-A’B— A’B+ BA® + B3A

Which means
2A43B — 2B3*A — 2BA* — ABA? =0

Theorem 3.3 states the result on the commutation relation in class QQ* operators.

Theorem 3.3
Let Tand S be bounded linear operators in Q* such that the sum (7" + S) commutes with
(T + 8)*. Then (T + S) € Q*.

Proof

(T + S)=(T + S) T+ S) (T + S)(T + S)(T+S)
T+ 9T+ ST +S)(T+S)
T+ ST+ S)(T+S)T+S)
T+ ST+ S)T+8)(T+S)
T+ S)X(T + S)*
(T +8)T+5))

A~~~ /N /N /N N

Hence (T'+ S) € Q*
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Example 3.4
Let T and S be operators in class Q* such that

1 0 2 0
T—{O l}andS—[O 1]
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(T+S)"(T+5) = ”O :_O y

[\]

Now
(T+S)*2={g (Q)HS g}:[g 2]
(T+S)2={3 8H3 g}:[g ﬂ
(T+S>*2(T+S)2:[g ZHg 2]:{801 106]

L E L O I

Hence (T'+ S) € Q*

o

Remark 3.5
If two operators T, S € Q* are such that the sum 7 + S does not commute with (7" + S)* then

T + S is not necessarily in class QQ* operators.
Example 3.6 shows that the sum of two operators 7" and S in class * such that

(T + S)(T+ S)* # (T'+ S)*(T + S) does not belong to class Q*.

Example 3.6

1

1 0 1

i I R

>

Let T = [ _11} and S = { 2 0] be two operators in class Q*.
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, 3 13 -11 _[10 -1
S I | e B e
Therefore (T + S) is not normal.

Consequently,
o |3 —=1| |3 =1 |8 =5
<T+S)_{1 2“1 2}_[5 3}

(T + S)2(T + 5) = [_85 g} [8 _5} = _835 _3315}

| s IS A B | o B e vad
Cleatly (T + S)2(T + S)? # ((T + S)(T + S)*)? and so(T + ) & Q*

The result on the product of two class Q* operators is given in theorem 3.7

Theorem 3.7
Let Tand S be bounded linear operators in Q* such that 7" and S commute with their adjoint.
Then (T'S) € Q*.

Proof
(TS)*(TS)? = (TS) (TS)"(TS)(TS)

= S*T*S*T*TSTS
= S*T*S*TT*STS
=T*S*TS*ST*TS
=T"TS*SS*TST™
=TT*SS*TS*ST*
=TST*TS*SS*T*
=TSTT*SS*T*S*
=TSTST*S*T*S*
— (TS)(T"S"))?
— (TS)(TS)"))?
= ((TS)(TS)")*

6
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Now (T'S)**(T'S)* = ((T'S)(TS)*)? implying that (T'S) € Q*

Example 3.8

Consider two operators T',.S € (Q* such that T = { 2 _22} and S = [

2
. |2 2 . |0 =1
T—[_Q Q]andS—{Z. O]

re -2 210 4]

sr=[0 12 2-
Therefore T'S* = S*T

co |2 210 —i]
rs-[ 2 [0 5]

e

Therefore T*S = ST*

2 —2][0 —i —2i —2i
Tsz{z 2Hz O}:[Qi —21}

Let the product T'S be M Mis a class (Q* operator since
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Therefore M is class Q* since M*2M? = (M M*)?.

Remarks 3.9
The commutation relation of the operator with the adjoint of the other should not be ignored;
otherwise, the operators’ product will not be class Q* as seen in example 3.10.

Example 3.10

Let T' = [ (1) (2)} and § = [ _01 (1)] be two operators in class Q*.

. [1 0] o [0 -1
ey el 3]

. [1 oo —1] [0 -—1] e [0 =111 0] O -2
TS__O 2/ 11 0] |2 O_#ST__l 0[O0 2] |1 0]
o 1 0T O 11 [0 1] . [0 11 o] [ o0 2
TS__O 2| | -1 0 | -2 0_7&ST__—1 0|0 2/ [-1 0]

Consequently, the product 7'S ¢ Q*.

==L 70 =] ]

we= VA ST Y
e[ 1% -3 Y
M*2M2=[_02 _OQH_OQ —02}:{3 ?J

o[ 10 3

(MM*)2:[(1) ZH(I] ﬂ:[(l) 106:

HenceM*2M? # (M M*)?.

The study of direct sum and tensor product of operators in Hilbert spaces has been a topic
of interest for many researchers. [5] proved that the direct sum and tensor product of two

8
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operators in SN are in SN. Later, [7] showed that the direct sum and tensor product of two
operators in p are in u. [8] showed that if 77,75, ...T,, are n-power-hypornormal operators in
B(H),then Ty ®To @ ... & T, and T; ® T, ® ... ® T,,, are n-power-hyponormal operators.
Theorem 3.11 gives the results of the direct sum and tensor product of operators in class Q*.

Theorem 3.11
Let T4, T5, ... T,, be normal operators in class QQ*, Then;

i) 1oTh®...0T, € Q*

(i) T RTh®..0T, € Q*

Proof. (i)
(MoehLd. 0T )* (Mo Thd..oT,)?
=N hd. T (T1oehd.. 0T (Thohd.. 0T, (1T, ...0T,)
el ®. . oT)NTrele®. . oT) (N ohhed .. 0T)(TLoThd...eT,)
F BTy P @T*)(T*Tl@T;TQ@...@T,;';Tm)(Tl@TQ@...@Tm)
To)(
(

= (
(T;
(Ty & Ty @ T oD@ .. T, T )N e&Td ..o T,
=(Ty o Ty @ @T*) Noho. . 0T.)ToTyd. . oT)(NioThd.. . &T,)
= (T7Ty ® T*T2 ©..OTT) (TN T T ® ... © T Ty)
= (NTr T ® .. e T, T (TTr eI ® ... T,Tk)
(Tl@Tg@ T (IfeTre..oT)(Nieohd.0lT,)(Ifeolyd...0T))
=Nhehe.eh,)tThelyhe. oL T,)IYeTy®...eT))
=(NMehe.el,)(WTfehlye.. oL, T)(ITeTy®...eT))
(Tl@TQ@ ST NeTLd®. . oT) el . oT )Ty .. aT:)
=(hohe.. oT,) (TTels®..0T:)?

=(Mehhe. . oT)TToT;®...0T:))?
Now, (16T & .. T,)* (N1 Th®..0T,) =(11dT®. 0T Tre Ty ® ... TH))?

Hence T' ®To ® ... ® T,, € QF

Proof. (ii)

Let x1,29,...0,, € H

(MR .T)* (T RT® ... 0 T)* (11 @ Ty ® ... ® Ty,)
=(NRTHR..0T,) (MRTL®..T,) (THRTy,®..QT,) (T1@Ty® ... T)) (1 ®rs® ... QTy,)
= (IR @.. T TTRTy®@.T ) (T Th®..QT ) (T1 Ty ®...Q0T,) (11 Q12 ® ... @ Ty,
(T*@T*@ RTNTIN TR . T )T QT ® ... T,) (11 @12 @ ... ® Tpy,)
=(T7T; .. T)) (NI LTy . T, Tr)(Th T ® ...  Ty) (11 @12 ® ... ® Xyy,)
=(TRT®. T )T .. T RTy®..T ) (T RTh®...Q T)) (11 R, ®... @ T,
=M T, ..T T )T @T3Ty @ ... T T,) (11 @ 23 @ ... @ Tyy,)
= (T @ ToT3 @ ... @ T, T (T} @ ToTy @ .. @ T T (11 @ 72 @ . @ )
=(NML.0T,)(ITRTy®.TH)(NM1RQTh®.. T, ) (IT Ty ®..0TH) (11 Q1R ... Q)
=ML . .QT )T TyTh® . TrT,)IfTy ® .. TH) (11 @ xs ® ... @ Typ,)
=N TL®.T,) (T RLTy® .. T, Ty ® .. TH) (11 ® X ® ... @ Typ,)
= (Nhe.0T,)(ThTh®..0T,)(TTRTy®@..0T ) (TF 9T ®..0 T ) (11 ®T2® ... @ Ly,)
=T ®.QT,) T Ty @ ... T (1, @1y @ ... @ Tyy,)
=(MT®.0T)(T T ... T ) (11 @12 ... ® )

Therefore T @ To ® ... ® T, € Q*

4 Conclusion

This research focused on investigating class QQ* operators and their properties in Hilbert spaces.
Several properties, including convexity, cartesian decomposition, sum and product and direct

9
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sum and tensor product have been investigated. Future research plans to explore the spectral
properties of class Q* of operators.

10
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